In this paper we prove that if G is a group acting on the tree X without inversions such that the edge group e G for each edge e of X is finite, the vertex group v G of each vertex v of X has a finitely generated free subgroups of finite index, and the quotient graph X G for the action of G on X is finite, then G has a finitely generated free subgroups of finite index.
Introduction
In [1, Corollary 1.9, p. 104], Dicks and Dunwoody, proved that a group G has a finitely generated free subgroups of finite index if and only if there exists a tree X such that G acts on X without inversions, x G is finite for every x∈X, and the quotient graph X G for the action of G on X is finite. In [4] , Mahmood proved that if G is a group acting on a tree X such that for each e∈E(X), and v∈V(X), if e G is finite and v G acts on a tree v X , then there exists a new tree, denoted X and called a fiber on which G acts. In this paper we prove that if G is a group acting on a tree X such that for each e∈E(X), and each v∈V(X), if e G is finite and v G acts on a tree v X such that the quotient graphs X G and v v X G for the actions of G on X and v G on v X are finite, then the quotient graph X G~ for the action of G on X is finite. Then we use these results to prove that if G is a group acting on the tree X without inversions such that the edge group e G for each edge e of X is finite, the vertex group v G of each vertex v of X has a finitely generated free subgroups of finite index, and the quotient graph X G for the action of G on X is finite, then G has a finitely generated free subgroups of finite index. We apply this result to tree product of groups and HNN groups introduced in [2] .
Preliminaries
A graph X consists of two disjoint sets V(X), (the set of vertices of X) and E(X), (the set of edges of X), with V(X) non-empty, together with three functions 0 ∂ : E(X)→V(X), 1 ∂ : E(X)→V(X), and η :E(X)→E(X) is an involution satisfying the conditions that ∂ (e) = t(e), and η (e) = e . This implies that o( e ) = t(e), t( e ) = o(e), and e = e. The case e = e is allowed. There are obvious definitions of trees, subtrees, morphisms of graphs and Aut(X), the set of all automorphisms of the graph X which is a group under the composition of morphisms of graphs. For more details, the interested readers are referred to in [1] , [4] , and [5] . We say that a group G acts on a graph X, if there is a group homomorphism φ : G → Aut(X). In this case, if x∈X (vertex or edge) and g∈G, we write g(x) for (φ (g))(x). Thus, if g∈G and y∈E(X), then g(o(y)) = o(g(y)), g(t(y)) = t(g(y)), and
. The case the action with inversion is allowed. That is; g(y) = ( y ) is allowed for some g∈G, and y∈E(X).
Convention.
If the group G acts on the graph X and x∈X, (x is a vertex or edge), then 1. The stabilizer of x, denoted x G is defined to be the set For the existence of fundamental domains we refer the readers to [3] . For the rest of this section, G is a group acting on a tree X without inversions, and (T; Y) is a fundamental domain for the action of G on X. The properties of T and Y imply the following proposition. The proof is clear. 
Proposition 2.2. [1] For any v∈V(X) there exists a unique vertex denoted v* of T and an element g (not unique) of G such that g(v*) = v; that is, G(v*) = G(v). Moreover, if v∈V(T), then v* = v. [2] For each y ∈E(Y), there exists an element denoted [y] of G satisfying the following. (a) if o(y)∈V(T), then [y]((t(y))*) = t(y), [y] =1 in case y∈E(T).

Finitely generated free subgroups of finite index
Let H be a subgroup of a group G, and H acts on a set X. Define ≡ to be the relation on G×X defined as (f,u) ≡ (g,v), there exists h∈H such that f = gh, and u = h -1 (v), It is easy to show that ≡ is an equivalence relation on G×X. The equivalence class containing (f,u) is denoted by
g∈G, x∈X}. In [4] , Mahmood proved that if G is a group acting on a tree X and (T;Y) is a fundamental domain for the action of G on X and if for each e∈E(X), and v∈V(X) 
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